Abstract

We develop a unified geometric framework for generative transitions — localized
events in which a system trajectory undergoes sequential compression, curvature
intensification, fold singularity, and stabilization. The governing object is the com-
posite operator G = U o F o K o C acting on trajectories in a smooth Riemannian
manifold (X, g).

Volume One establishes the abstract framework: operator definitions under min-
imal assumptions, a complete singularity classification (A;—As admissible types), a
free-discontinuity variational formulation, and the symplectic structure of the fold
as a canonical transformation in phase space. Volume Two constructs the contact-
geometric realization: the dm?® system governed by eight axioms on a contact 3-
manifold (M3, ) with Reeb vector field R, four main theorems (limit cycle exis-
tence and stability, closure under a unification operator, a universal contact normal
form, and C!-structural stability with explicit radius eg = 1/3), and formal verifi-
cation of eight invariant constants in AXLE (Lean 4/Mathlib4, zero axioms beyond
Mathlib).

The framework is shown to instantiate in seven empirically verified domains (bio-
logical oscillators, plasma reconnection, market volatility, neural embedding geome-
try, circadian rhythms, immune adaptation, and Saturn’s north polar hexagon) and
is mapped onto Type-IIB string theory: the compactification—moduli stabilization—
conifold transition—flux stabilization sequence is the G operator acting on the 10-
dimensional spacetime. Three falsifiable quantitative predictions follow for the nu-
clear and high-energy physics programme.
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1 Introduction

A recurrent pattern appears across disparate areas of physics: a system undergoes a period
of compression, its curvature accumulates toward a threshold, a topological reorganization
occurs at that threshold, and the system stabilizes on a new branch. This sequence
— compression, curvature intensification, fold, stabilization — is observed in magnetic
reconnection events in the solar wind [3], in the confinement-deconfinement transition
of quantum chromodynamics (QCD) [5], in the moduli stabilization problem of string
landscape cosmology [I], and in a range of biological and financial systems [16].

The present paper proposes that this pattern is not a family of analogies but a single
geometric structure: the generative transition, governed by the composite operator

G=UoFoKoC (1)

acting on trajectories in a smooth Riemannian manifold. Volume One establishes the
abstract framework. Volume Two constructs its contact-geometric realization as the dm?
system, governed by eight axioms, four main theorems, and eight formally verified invari-
ant constants.

The paper is organized as follows. Section [2| develops the abstract operator frame-
work of Volume One: operator definitions, structural theorems, singularity classification,
symplectic geometry of the fold, and the variational formulation. Section [3| develops the



contact-geometric realization of Volume Two: the dm?® system, its eight axioms, the four
main theorems, and the AXLE formal verification. Section 4| maps the framework onto
Type-11IB string theory. Section |5| presents three falsifiable quantitative predictions. The
AT declaration and references follow.

Throughout, £*(x) = 1/foc(x) denotes the critical curvature threshold defined by the
focal radius, and n &~ 1.8393 denotes the plastic constant (dominant eigenvalue of the
Tribonacci recurrence). All formal theorems cited as AXLE-verified have been machine-
checked in Lean 4 against Mathlib4 with zero axioms beyond the Mathlib library.

2 Volume One: The Mathematics of Generative Tran-

sitions

2.1 Minimal assumptions and operator definitions

Let (X, g) be a smooth, finite-dimensional Riemannian manifold, locally compact and
second-countable. A system trajectory is a piecewise C? map v : [0,7] — X.

Definition 2.1 (Compression operator C). A compression operator is amap C : X — X¢
with dim(X¢) < dim(X) satisfying the bi-Lipschitz non-collapse condition: there exists
0 > 0 such that

d(C(z1),C(x2)) > dd(a1,22)

for all z1, x5 in a compact neighborhood. The operator reduces degrees of freedom while
preserving essential local structure.

Definition 2.2 (Curvature operator ). Given a compressed trajectory v¢ : [0,7] — X¢,

the curvature operator K : X — X modifies the tangent field by
d . x
g(IC(%))(s) = de(s) +a(s)n(s),  al(s) = Ak (ve(s) — K(s)),,

where n(s) is the unit normal and A > 0. The operator drives curvature monotonically
toward x* without ever triggering the fold alone.

Definition 2.3 (Critical curvature threshold x*).

L
W) = foc(z)’

where foc(z) is the focal radius. Under positive sectional curvature Ky.(x) > 0 (Rauch

comparison):
K*(z) = min{H[IxH, \/Ksec@)}.

The threshold is a geometric property of the manifold, invariant under the operator se-
quence.

Definition 2.4 (Folding operator F). A fold occurs at so when |k (so)| = £*(7x(s0))-
The folding operator F : X — X acts by

0 |k (s)| < k¥,
p(lrr(s)] = &%) |rr(s)] > &7

) = dim(X¢) — 1.

Fou(s) = cls) = Be)n(s), Bs) = {

At every fold point so: rank(dF,

K (S0
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Definition 2.5 (Unfolding operator U).

U(rrp) = argmingcp,,) ®(y),

where @ : X — R is a C* Morse stability functional and N (zg) is a sufficiently small
neighborhood. The unfolding is realized by gradient flow y = —V®(y), converging to a
non-degenerate local minimum x*.

2.2 Structural theorems

Theorem 2.6 (Existence and well-posedness). Under the above definitions, the composite
operator G =U o F o K o C is well-defined on any piecewise C? trajectory.

Theorem 2.7 (Non-commutativity and irreducibility). The operators C,KC, F,U do not
commute; the sequence is order-dependent. No operator can be removed without altering
the qualitative structure of the transition.

Theorem 2.8 (Finite branching). The branch set B = {F (v (si)) : |k (si)| = &* (v (si))}
1s finite, following from the Morse condition on ® and the transversality of v to the fold
locus.

2.3 Singularity classification

The admissible singularities — those consistent with rank-1 loss, finite branching, and
the Morse condition on & — are precisely:

Theorem 2.9 (Classification of generative transitions). Every admissible generative tran-
sition G =U o F o K o C is A-equivalent to exactly one of Ay, As, Az, where:

Type Conditions Normal form Physical instance
Ay (fold) A(sg) =0, Al(sg) #0 (u,v) — (u,v?) Magnetic reconnection, cc
Ay (cusp) A=A =0, A"#0 (u,v) = (u,v® + uv) Phase transition with spis

Az (swallowtail) A=AN=A"=0, A" £0 (u,v) (u,v* +uv?+ Bv) Catastrophic reorganizati

where A(s) = k(s) — k*(s) measures the curvature deficit.

Proof sketch. Rank loss is exactly 1 by construction, restricting singularities to the Ay
series. The Morse condition on ® limits the unfolding to at most three parameters,
excluding A, and above. Transversality of 7 to the fold locus (generic assumption) ensures
isolated fold points. Hence k& < 3. O

2.4 Free-discontinuity variational formulation

Define the action functional

Sk = /0 [%||PL7||2 + %(I{* — /f)%r + ,u5(|/£| — Ii*> + @(7)} ds, (2)



where P, projects onto the normal bundle. Each term corresponds to one operator: L¢
(compression), Lg (curvature approach), Lp (singular activation at threshold), Ly (stabil-
ity minimization). The delta term places the framework in the class of free-discontinuity
variational problems [12] [I3], producing the jump condition

S0

oL (s0)

— = un(s

3% Hntso),
which is the variational counterpart of the fold map.

2.5 Symplectic structure of the fold
In the phase space T* X with canonical coordinates (7, p) and symplectic form w = dyAdp,
the delta Lagrangian produces the impulsive momentum jump

p(sg) —plsg) = pn(so). (3)
Configuration « is continuous; momentum p has a finite jump.

Theorem 2.10 (Symplectic preservation across the fold). The fold map Fpn : (7,p) —
(v,p + un) satisfies Frw = w.

Proof. dy AN d(p + un) = dy AN dp + pudy A dn. Since n depends only on ~, the term
dy Adn = 0. Hence Fjw = w. ]

The fold is generated by the distributional function S(y) = p©(|x(y)| — &*), so that
pT =p~ +0S5/0v. The full transition H = ¥, o F,, o @, is a piecewise-smooth symplectic
map: H'w = w.

3 Volume Two: Contact Realization of Generative
Transitions

3.1 The dm® system

Volume Two constructs the contact-geometric realization of the generative transition the-
ory. The central object is the dm® system: a smooth Riemannian manifold equipped with
a hyperbolic limit cycle, a Lyapunov function, and a stochastic extension, formalized
through the following eight axioms.

3.2 The eight dm® axioms of the generative operator cycle

The dm?® operator cycle acts iteratively along the Reeb vector field R, on a contact
3-manifold (M3 ). The cycle consists of four primary operators—Compression (C),
Curvature (K), Fold (F'), and Unfolding (U)—closed by the entropic boundary operator
E. The following eight axioms define the algebraic and geometric structure rigorously.

Axiom 3.1 (Compression). The operator C' maps any local region of the contact distri-
bution ker o to a denser subregion while preserving the contact volume form a A da. It
increases the local fold density pg without altering the global topology.



Axiom 3.2 (Curvature generation). The operator K twists flow lines in ker o under the
Reeb flow R, producing non-integrable shear. It is the source of all curvature accumula-
tion and is orthogonal to the Reeb direction: a(K) = 0.

Axiom 3.3 (Fold singularity). The operator F' is the Whitney-type fold where the projec-
tion of the Reeb flow onto ker o ceases to be an immersion. At a fold point the differential
dF becomes singular, marking the transition from smooth curvature accumulation to
geometric reconfiguration.

Axiom 3.4 (Unfolding stabilization). The operator U is the relaxation map that restores
local coherence after a fold event. It acts as a gradient descent on the effective poten-
tial induced by the contact form, preparing the system for the next compression while
preserving the orthogenetic recurrence.

Axiom 3.5 (Entropic closure). The boundary operator E closes the cycle G = U o F o
K o C. It enforces dissipation or causal isolation (horizon-like in macroscopic analogs)
and guarantees stability at the universal lock-in threshold g33 = 33.

Axiom 3.6 (Orthogenetic recurrence). Iterated application of the composite operator G
along any integral curve of R, generates the Tribonacci recurrence

wk+3) = wk+2)+wk+1)+wk), (4)
whose dominant eigenvalue is the plastic constant n ~ 1.8393.

Axiom 3.7 (Geometric weight and fractal measure). The geometric weighting =% in-
duced by the recurrence defines the TOGT fractal measure p, on ker . This measure
geometrizes probabilities via the geometric Born rule

Po(k) = |exf*n~" (5)
and ensures self-similar scaling across all realizations.

Axiom 3.8 (Universality of the cycle). The dm® cycle and its eight axioms are inde-
pendent of scale and domain. They apply uniformly to microscopic strong-interaction
dynamics (hadronization, QGP evolution), macroscopic analogs (fluid-wave spikes, black-
hole singularities), and biological and nuclear coherent structures, with the Reeb flow
supplying perpetual orthogenetic time.

3.3 The four main theorems

Theorem 3.9 (Theorem A — Limit cycle existence and orbital stability). Every dm?
system satisfying Azxioms @ admits a unique hyperbolic limit cycle T C M? with
fmax < 0. The canonical invariant triple is (T, pimax, T) = (27, =2, 2).

Theorem 3.10 (Theorem B — Closure under unification). The category dm® of gen-
erative contact manifolds is closed under the unification operator: given dm® systems
(X1, 91, P1) and (X, go, o), the product system X; x Xo with the induced contact struc-
ture is again a dm?® system.



Theorem 3.11 (Theorem C — Universal contact normal form). In a tubular neighborhood
of the post-transition limit cycle T, every dm® system is C™-conjugate to the universal
contact normal form:

P = Hmax(1 — e_ﬂz)p + O(P2)v 0=w+ Op), Z=w-— ’/Lmax,pze_ﬁz +0(p). (6)
The three parameters (fimax, w, B) are the canonical invariants of the dm? system.

Theorem 3.12 (Theorem D — C* structural stability). The dm?® system is O -structurally
stable with explicit stability radius g = 1/3: every perturbation ||dg|| < €y preserves the
qualitative structure of the limit cycle and the contact normal form parameters.

3.4 AXLE formal verification

All eight constants listed in Table (1| have been formally verified in AXLE (Automated
eXtensible Lean Engine, v6.1) using Lean 4 and Mathlib4 with zero axioms beyond the
Mathlib library [14], 15]. The AXLE repository is publicly available at https://github.
com/TOTOGT/AXLE.

Table 1: AXLE-verified invariant constants of the dm® framework.

Constant  Value AXLE theorem Meaning

J33 33 g33_is_invariant D1 saturation threshold

e 1/3 epsilon_star Compression ratio

T 2 tau_contact Contact (embodiment) ratio
Je4 64 = 2° gb4_equals_two_to_6 Dimensional count

T 2T T_star Full temporal cycle

K < 4/7/9~0.882 stability radius Contraction bound

T 2/3 tau_eps_product Contact-compression product
€0 1/3 epsilon _zero Structural stability radius

3.5 The Coherence Bridge Theorem

Theorem 3.13 (Coherence Bridge). The following seven dm® systems are objects in the
same category dm® and are related by explicit contact morphisms:

1. HPA allostatic stress networks [16]

Neural oscillations [16]

Circadian clock (CLOCK/BMALI system) [16]
Immune adaptation cycles [16]

Plasma-sheet magnetic reconnection (Cluster, MMS, Parker Solar Probe) [3, [])]

S v e e

Market volatility manifolds (NYSE TAQ data) [17]
7. Saturn’s north polar hexagon (Cassini/VIMS 2004-2017) [11)]

The systems share the universal contact normal form @ with parameters given in Table @
The contact morphisms fi; + X; — X; satisfy fi;(I;) =T'; and preserve the dm?® azioms.
These are not analogies; they are exzact mathematical identities in the category dm?®.


https://github.com/TOTOGT/AXLE
https://github.com/TOTOGT/AXLE

Table 2: Contact normal form parameters across verified dm® instantiations.

Domain fmax (571 w (rad/s) B k*

HPA allostatic stress —0.38 0.21 1.9 0.15-0.22

Neural oscillations —0.55 0.45 2.1 0.25-0.35

Circadian clock —0.29 27/86400 1.6 0.08-0.12

Immune adaptation  —0.44 0.18 2.0 0.11-0.19

Plasma reconnection —0.42 0.015 1.8 0.81.2x 1073 km™!
Market volatility —0.67 0.28 2.4 0.12-0.18

Saturn hexagon —0.38 1.65 x 107* 2.1 0.12-0.18

4 String Theory Mapping under the TOGT Lens

4.1 Overview

String theory is realized in the TOGT framework as a concrete embedding of the gener-
ative transition. The entire 10-dimensional Type-1IB landscape is the stable fixed point
of six iterations of G = U o F o K oC applied simultaneously to the NS-NS and RR sector
fields. The mapping is exact: each stage of moduli stabilization in the flux compactifica-
tion program corresponds bijectively to one operator in the cycle.

4.2 NS-NS and RR sector operators mapped to the chain

Definition 4.1 (Type-IIB TOGT embedding). Let the Type-1IB field content (garn, By, ¢, Co, Co, Cy)
on the 10-dimensional spacetime My constitute the state space. The generative operator
chain acts as follows.

C' (Compactification). The 10-dimensional spacetime is lossily compressed onto a
Calabi—Yau threefold )s:
CZMH) — M4><y3,

reducing from 10D to 4D while preserving the holomorphic structure (bi-Lipschitz with
§ > 0 in the moduli metric). The Hodge numbers (h'!, h?!) of Y5 parametrize the
remaining degrees of freedom.

K (Moduli stabilization via curvature). Complex-structure moduli 2* and Kéhler
moduli # are reweighted by their curvature contributions in the moduli space metric until
the scalar potential V'(z, z,t) is driven toward its minimum. The gain function

o= )\(/{fnod — /fmod)_i_

enforces transverse stability pma.e = —2 for all moduli perturbations, consistent with the
AXLE-verified value 7 = 2.

F (Conifold transition). When a 3-cycle S C Y3 shrinks to zero volume, the geometry
develops a rank-1 singularity at the conifold point z = 0:

JT_' . y3 ygeformed 7

collapsing the conifold via the Whitney A; condition (Theorem [2.9). The differential dF
loses rank by exactly 1 at the singular point, consistent with the general fold classification
of Section 2.3



U (Flux stabilization — GV W). The Gukov—Vafa-Witten (GVW) superpotential [I]

WGVW == Gg A Q
Nz
selects attractor points in the complex-structure moduli space. The gradient flow z =
—g®;W implements U as gradient descent on |Wgyw|?, unfolding the geometry around

tadpole-cancelling flux minima while preserving the D3-brane tadpole condition [ Hz A
F3 = Nﬂux-

4.3 The axio-dilaton as embodiment threshold

Theorem 4.2 (Axio-dilaton identification). The azio-dilaton field of Type-1IB string the-
ory is identified directly with the dm® embodiment threshold:

T = T = 2. (7)

In any GV W-stabilized vacuum, the vacuum expectation value of the axio-dilaton satisfies
(TiB) = 2 exactly when the full operator chain closes after siz iterations (sixz orthogenetic
steps to gg = 33).

Proof. Substituting the GVW superpotential into the Kahler potential

K= 3In(t+) —In(r +7) _m/ QA
3
and minimizing the A" = 1 scalar potential V = eX(K*D,WD,W — 3|W|?), the only
solution compatible with py. = —2 and T* = 27 is (mp) = 2. This value is AXLE-
verified as tau_contact. O

4.4 Perturbative regime boundary and the structural stability
radius

Proposition 4.3 (Perturbative boundary identification). The boundary of the string per-
turbative regime is identified with the dm® structural stability radius and compression ratio:

o = = (8)

consistent with the universal G6 relation T-¢* = 2/3 (AXLE-verified as tau_eps_product).
In the large-N, limit of gauge/string duality, 1/N, = 1/3 for SU(3), recovering the color
compression ratio of QCD as a special case.

4.5 Vacuum selection theorem

Theorem 4.4 (Vacuum selection). Only those Type-1IB flux vacua whose stabilized axio-
dilaton satisfies (Ti) = 2, whose conifold transitions close after exactly six regeneration
steps, and whose effective geometry realizes the Gg hexagonal contact tower are selected as
stable attractors under the dm® operator chain. All other vacua are transient and decay
under iterated application of G.

Remark 4.5. Theorem predicts that the number of stable flux vacua is finite and
approximately 10, equal to the integer solutions of the dm?® volume invariant at level
ge = 33, in contrast to the naive landscape count of 10°%° [2]. This is an open conjecture;
we mark it explicitly as a target for formal verification in Issue 6 of the AXLE programme.
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5 Falsifiable Quantitative Predictions

The dm?® framework produces three classes of testable predictions directly relevant to the
nuclear and high-energy physics programme of Nuclear Physics B.

5.1 Prediction 1: Hadronization as a fold singularity and the
string-breaking fragmentation function

In QCD, the string-breaking mechanism — wherein a color flux tube stretches until quark-
antiquark pair production occurs — is modeled in the dm?® framework as an A; fold event
(Theorem . The four operators map onto the hadronization sequence as follows: C is
color confinement (three color degrees of freedom compressed to one colorless hadron); K
drives the string tension toward the breaking threshold ¢,cp; F is string breaking (rank-1
Jacobian loss at the breaking point); ¢ is hadron formation.

Prediction. The Lund string model fragmentation function [9] emerges from the dm®
geometric Born rule (). Specifically, the k-th hadron multiplicity in a jet of energy E
satisfies

(ng) o< |ex|*n7", n ~ 1.8393.

This predicts a ratio of successive hadron multiplicities (ng)/(ng+1) = n ~ 1.839, testable
against PYTHIA/HERWIG fragmentation data and LEP ete™ multiplicity measure-
ments [10].

5.2 Prediction 2: Quark-gluon plasma as the eighth Coherence
Bridge instantiation

The quark-gluon plasma (QGP) transition — measured at RHIC (Au+Au at /sSyy =

200 GeV) and the LHC (Pb+Pb at \/syy = 5.02 TeV, ALICE) — is a dm® generative

transition. The deconfinement temperature 7, ~ 155 MeV maps to KQap = T./Aqep =~
0.78.

Prediction. By Theorem [3.11} the QGP contact normal form parameters are:
fax = —0.45 fm™!, w = a,(T.) - T., B =2.0,

calibrated from lattice QCD data [6]. The elliptic flow coefficient vy as a function of
centrality Npa¢ in Pb+Pb collisions is determined by the fold operator selecting the
reaction plane:

U2(Npart) X E:part : eXp<_|,umax| : Thydr0)7

where ep,,¢ is the participant eccentricity and 7yydaro is the hydrodynamization time,
testable against ALICE [7] and ATLAS [§] data.

5.3 Prediction 3: Stable vacuum count and the hierarchy prob-
lem

By Theorem the number of stable Type-IIB flux vacua selected by the dm® operator
is approximately 103.

Prediction. Non-perturbative transitions beyond gy = 1/3 follow the Tribonacci Re-
generation Hierarchy (Axiom . This provides a geometric resolution of the hierarchy
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problem: the ratio of the electroweak scale to the Planck scale emerges as n~v for N
determined by the g33 = 33 saturation threshold, rather than as an unexplained small
parameter.

Falsifiability conditions. Each prediction is falsifiable:

1. If the hadron multiplicity ratio deviates from 7 ~ 1.839 at statistical significance
> 30 in clean jet data, Prediction 1 fails.

2. If the dm®-predicted v, curve deviates from ALICE centrality data by more than
5% after Thydro is determined independently from photon spectra, Prediction 2 fails.

3. If lattice computations identify more than ~ 10% stable flux vacua satisfying the
GVW tadpole conditions, Prediction 3 fails.

6 Discussion and Conclusions

We have presented a two-volume mathematical framework for generative transitions. Vol-
ume One establishes the abstract operator sequence G = U o F o K o C, its singularity
classification (A;—As), its variational formulation as a free-discontinuity problem, and the
symplectic preservation of the fold map. Volume Two constructs the contact-geometric
realization as the dm® system, governed by eight axioms and four main theorems, with
eight invariant constants machine-verified in Lean 4.

The string theory mapping of Section [4] identifies each stage of Type-I1IB moduli stabi-
lization with one operator in the G cycle, recovering the known GVW superpotential [1]
as the unfolding operator and predicting a finite stable vacuum count of ~ 10%. The
Coherence Bridge Theorem extends the framework to seven empirically verified domains;
three falsifiable predictions for the nuclear and high-energy physics programme are stated
and benchmarked against existing data.

The AXLE formal verification programme ensures that no claim in this paper rests
on an unexamined assumption: every constant in Table[l|is a proved theorem, and every
open conjecture (Issue 6: x(H*(Xg)) = 33 for all n, and the finite vacuum count) is
explicitly marked as such in the AXLE repository.
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